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The work presented in this paper is based on an existing comprehensive formulation for
rotating #exible systems. In the existing formulation the #exible degrees of freedom (d.o.f.)
are represented by an analytically computed modal basis and the coupling matrices between
the rigid- and the #exible-body d.o.f. are developed based on the analytical modal
representation of the #exible d.o.f. In this paper, the existing formulation is generalized for
rotating beams by representing the #exible d.o.f. either as physical d.o.f. of a "nite element
formulation or as a set of retained and internal d.o.f. of a Craig}Bampton formulation. The
coupling matrices between the rigid-body rotation and the #exible d.o.f. are developed
accordingly. The non-linear e!ects from the work done by the centrifugal forces are included
in the formulation. Finite element shape functions of a beam element in a three-dimensional
space and "nite element shape functions for solid elements are employed for deriving the
coupling terms between the rigid-body d.o.f. and the physical d.o.f. An additional
transformation is required and performed when the right-body d.o.f. are coupled with the
internal and the retained d.o.f. of a Craig}Bampton formulation. The coupled system of
equations is solved in the time domain by combining the Newmark method for time
integration and the Newton}Raphson method for solving the non-linear system of
equations within each time step. Analyses are performed for a #exible rotating beam in order
to validate the development. An analytical solution is compared with the new formulations
that represent the rotating beam #exibility with the physical d.o.f. of beam or solid elements.
The analytical solution is also compared to the formulation that represents the #exible d.o.f.
in terms of retained and internal d.o.f. of a Craig}Bampton formulation. Very good
correlation between the analytical and numerical results is observed. � 2002 Elsevier
Science Ltd. All rights reserved.
1. INTRODUCTION

Coupling right- and #exible-body dynamics of rotating structures has been discussed in the
literature extensively, and an overview of previous works will be presented "rst. Several
papers have been presented in the past for modelling the combined rigid- and #exible-body
dynamics of beams. A comprehensive theory that allows to compute small vibrations of
a general rotating beam subjected to prescribed base excitation was presented [1].
A varying cross-section and material properties were considered for the beam. The e!ects of
0022-460X/02/$35.00 � 2002 Elsevier Science Ltd. All rights reserved.



604 K. HU E¹ A¸.
centrifugal sti!ening and of the vibration induced by Coriolis forces were included in the
formulation. A radially rotating #exible beam "xed to a rigid body was analyzed [2]. A set
of fully coupled non-linear equations of motion were derived using the extended Hamilton
principle. The e!ect of the coupling terms between rigid-body and #exural motion on the
vibration was investigated. It was identi"ed that for small values of the ratio between the
#exible rigidity of the beam and the rigid inertia of the beam the uncoupled equations led to
substantially incorrect results. A computational procedure for multi-body dynamics
analysis based on a "nite deformation beam model was presented [3]. The beam
formulation was based on fully non-linear strain measures that remain invariant with
respect to the rigid-body motions. An inertial reference system was used for the beam
dynamics, and the #exible degrees of freedom (d.o.f.) were computed with respect to
a convected reference frame that rotates with the beam components. The development was
targeting computations of the dynamics of #exible beams that undergo a variety of
structural deformations in addition to large overall motions. The free #exural vibrations of
a spinning, "nite Timoshenko beam for the six classical boundary conditions were solved
analytically in reference [4]. Expressions for the mode shapes and the natural frequencies
were derived. A #exible-body dynamic formulation, called the augmented imbedded
geometric approach, was developed for beam structures undergoing large overall motion in
a two-dimensional space [5]. The elastic deformation was characterized as a superposition
of a number of assumed global shape functions. Problems with cantilevered or
pinned}pinned conditions were addressed. A formulation based entirely on the energy
principle was presented in reference [6] for dynamic analysis of a planar Timoshenko's
beam with "nite rotations. An inertial and a rotating frame were introduced in order to
simplify the computational process. The kinetic energy was obtained in the inertial frame,
while the rotating frame was utilized for deriving the strain energy under a small strain
assumption. The resulting equations of motion were de"ned in terms of a "xed global
co-ordinate system. A systematic development for the non-linear dynamics of multi-body
systems in planar motion was presented in reference [7] based on the two-dimensional
beam theory. A simple quadratic form for the kinetic energy and a spatial form of the strain
which simpli"es the strain energy expression were derived. A time stepping scheme
appropriate for multi-body systems with large di!erence in their relative sti!ness was also
developed.
Formulations for modelling the rigid- and #exible-body dynamics of general objects have

also been presented. A method of quadratic components was developed in reference [8] for
analyzing rotating #exible structures using a system of non-linearly coupled deformation
modes. The formulation utilizes a non-linear con"guration space in which all the kinematic
constraints are satis"ed up to the second order. The e!ects of rotary inertia on the
extensional tensile force and on the eigenvalues of beams rotating about the transverse axis
were presented in reference [9]. A method for dynamic simulation of multi-body systems
that include large-scale "nite element models of #exible bodies was presented in reference
[10]. An optimal lumped inertia technique was developed in order to avoid computation of
the coupling matrices between the right-body d.o.f. and the #exible d.o.f. in the "nite
element representation of the #exible bodies. Inertia was lumped optimally at a subset of
nodes of the "nite element model, thus, simplifying the evaluation of the coupling terms in
the equations of motion.
The work presented in this paper is based on a previous formulation that couples rigid-

and #exible-body dynamics for rotating beams [11}13]. In the existing formulations, the
equations of motion were derived using a non-linear formulation that retains second order
terms in the strain}displacement relationship. Thus, the e!ect of all the geometric elastic
non-linearities on the bending displacement was accounted for, without the need to include
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the high-frequency axial modes of vibration [11]. A Lagrangian formulation was employed
for deriving the dynamic equations for a rotating beam [12, 13]. In the previous work of
references [11}13] the #exible d.o.f. were expressed in terms of the analytically derived
modal basis for a beam. The coupling matrices between #exible d.o.f. and the rigid-body
d.o.f. were developed in terms of the analytically evaluated modes of a beam. The new
developments presented in this paper are: (1) The #exible d.o.f. are represented as physical
d.o.f. of a "nite element formulation in the rigid- and #exible-body dynamics algorithm.
Beam "nite elements in a three-dimensional space or three-dimensional solid "nite elements
are utilized to represent the #exible d.o.f. (2) The shape functions of the beam "nite elements
and the shape functions of the solid "nite elements are employed for deriving the coupling
terms between the rigid-body d.o.f. and the #exible d.o.f. (3) As an alternative, the #exible
d.o.f. of the rigid- and #exible-body dynamics algorithm are represented as internal and
retained d.o.f. of a Craig}Bampton "nite element based formulation [14]. (4) The coupling
terms between the rigid-body d.o.f. and the #exible d.o.f. are derived based on the
Craig}Bampton representation of the #exible d.o.f. The shape functions of the "nite
elements used in the Craig}Bampton formulation are employed in the development of the
coupling terms. A transformation is also incorporated in the development of the coupling
terms in order to account for the relationship between the physical "nite element d.o.f. and
the internal and retained d.o.f. of the Craig}Bampton formulation. (5) Development of
numerical solutions that can handle the representation of the #exible d.o.f. in the coupled
rigid}#exible body dynamics algorithm as "nite element d.o.f. or as internal and retained
d.o.f. of a Craig}Bampton formulation. (6) A comprehensive validation of the new
methodology is presented based on a rotating #exible beam for which an analytical solution
is calculated and utilized as a reference [15].
Results computed by the three alternative forms of the new formulation are

presented. The #exible d.o.f. are presented either as physical d.o.f. of beam elements
in a three-dimensional space or as physical d.o.f. of three-dimensional solid elements
or as Craig}Bampton d.o.f. derived from a three-dimensional solid "nite element
model. Excellent correlation with the analytical results is observed for all three
cases.

2. MATHEMATICAL FORMULATION

2.1. EQUATIONS OF MOTION

The theoretical background for deriving the equations of motion will be overviewed "rst.
The equations of motion employed in this work originate from references [11}13, 16]. The
right-body rotation is coupled with the #exible deformation of a deformable body by
utilizing a #oating frame of reference [16]. In a #oating frame of reference, the motion of any
point on a body is de"ned as the motion of the body reference with respect to a global
co-ordinate system plus the motion of the material point on the body with respect to the
body reference, as shown in Figure 1; therefore, the location of any point P on the body can
be described as vector �r� in the global system:

�r�"�R�#[A]�u�"�R�#[A](�u
�
�#�u

�
�), (1)

where �R� is the global position vector of the origin of the body co-ordinate system, [A] is
the transformation matrix between the global and the body system, and �u�"�u

�
�#�u

�
�

is the location vector in the body system, where �u
�
� is the position vector of P at its

undeformed state, and �u
�
� is the elastic deformation of P.



Figure 1. Global co-ordinate system X>Z and body co-ordinate system xyz.

Figure 2. Three di!erent co-ordinate systems: global co-ordinate system X>Z, body co-ordinate system xyz,
element co-ordinate system x�y�z�.
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When the "nite element method is used, the element co-ordinate systems must be
introduced. The global co-ordinate system, the body co-ordinate system and an element
co-ordinate system are depicted in Figure 2. It has been proved that the conventional shape
functions of a beam element can describe an arbitrary rigid-body translation; however, they
cannot describe an arbitrary rigid-body rotation. Therefore, the body system has to be
chosen in such a way that it is initially parallel to the element co-ordinate system, otherwise
an intermediate element co-ordinate system has to be introduced [16]. The situation is
similar when solid "nite elements are used. Since the shape functions of a solid element can
describe an arbitrary rigid-body motion, there is no need to introduce the intermediate
element co-ordinate system, even though the body co-ordinate system is not initially
parallel to the element system. Therefore, for both beam "nite elements and solid "nite
elements the position vector and the elastic deformation within an element can be expressed
in terms of the nodal values as

�u
�
�"[N]�e

�
� and �u

�
�"[N]�e

�
�, (2)

where [N] is the matrix containing the shape functions of either a three-dimensional beam
"nite element or a solid "nite element, �e

�
� the vector containing the components of each

nodal d.o.f. in the undeformed state, and �e
�
� the vector containing the components of the

#exible d.o.f. at the node of an element. The overall deformation �e� at the element nodes
can be written in terms of the undeformed state and the #exible deformation:

�e�"�e
�
�#�e

�
�. (3)

By taking into account equations (2) and (3), equation (1) can be written as

�r�"�R�#[A][N]�e�. (4)



ROTATING BEAMS 607
Considering only rotation along a constant axis in space as a rigid-body motion, the global
position vector �R� is a constant vector. The velocity vector can be derived by
di!erentiating equation (4) with respect to time, i.e.,

�rR �"[A�][N]�e��Q #[A][N]�eR
�
�, (5)

where [A�] is the derivative of the transformation matrix [A] with respect to the angle of
rotation �. In the derivation of equation (5), it has been considered that the position of the
origin of the body co-ordinate system and the undeformed position in the body co-ordinate
system do not change with time, i.e., �RQ �"�0� and �eR

�
�"�0�.

The velocity vector of equation (5) can be used to calculate the kinetic energy as

KE"

1

2 �
�

��rR ���rR � d<, (6)

where � is the mass density per unit volume. The mass matrix for a "nite element contains
both inertia terms and coupling terms between rigid-body and #exible d.o.f., and can be
derived from the kinetic energy of equation (6) as

[M�]"�
��

��
�e��[N]�[A�]�[A�][N]�e�

sym

�e��[N]�[A�]�[A][N]
[N]�[N] �d<

"�
M���
sym

�M����
[M�

��
]�, (7)

where <� is the volume of an element, [M�
��
] the mass matrix associated with the #exible

d.o.f.,M��� the inertia associated with the rigid-body rotation, and �M���� the row vector that
couples the rigid-body rotation and the #exible d.o.f. Superscript &&e'' indicates an element
level quantity. The terms of the mass matrix are expressed as

M���"�e��[¹�]�e�, �M����"�e��[H�], [M�
��
]"�

��

�[N]�[N] d<, (8)

where

[¹�]"�
��

�[N]�[A�]�[A�][N] d< and [H�]"�
��

�[N]�[A�]�[A][N] d<.

Matrix [M�
��
] is identical to the conventional consistent "nite element mass matrix. The

mass matrix of equation (7) can be employed in the expression for the kinetic energy. Then,
Lagrange's equation is used to derive the following equations of motion in matrix form:

�
M��
sym

�M���
[M

��
]��

�G
�eK

�
��#�

0

0

0

[C
��
]��

�Q
�eR

�
��#�

0

0

0

[K
��
]��

�
�e

�
��"�Q

�
�#�Q

�
�, (9)
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where � is the rigid-body rotation, �e
�
� is the #exible d.o.f., and [C

��
] and [K

��
] are the

"nite element damping and sti!ness matrices, respectively, �Q
�
� is the quadratic velocity

vector that contains the e!ect of the centrifugal force and Coriolis force, and �Q
�
� is the

vector of generalized external forces. In equation (9) all the terms are expressed with respect
to the global co-ordinate system and they are derived from assembling the corresponding
element quantities. The quadratic velocity vector for a "nite element is

�Q�
�
�"�

!2�e��[¹�]�eR
�
��Q

[¹�]�e��Q �#2[H�]�eR
�
��Q �. (10)

The [¹�]�e��Q � and 2[H�]�eR
�
��Q terms represent the centrifugal and coriolis forces

respectively.
The vector of generalized forces can be obtained by considering the virtual work done by

all forces acting on the body. For the externally applied forces the virtual work is

�=
��

"�Q
��

����q�, (11)

where �Q
��
� is the vector of external forces, ��q�"� �������� the vector of virtual

displacements, and �=
��
the virtual work done by the external forces. The vector of the

external forces is

�Q
��

�"�
�e��[N]�[A�]�[A]�F�

[N]��F� �, (12)

where �F� is the vector including the externally applied forces on each physical d.o.f. of the
"nite element formulation. The non-linear e!ect of the work done by the centrifugal forces
must be also taken into account [12, 15]. It can be derived by accounting for the work done
by the centrifugal force due to a virtual displacement imposed on the #exible d.o.f. If the
rotation axis is perpendicular to the longitudinal axis of the rotating member, the
corresponding generalized force vector becomes

�Q
��
�"�

0

![[¹
�
]#[¹

�
]]�e

�
��, (13)

where [¹
�
] and [¹

�
] are matrices associated with the e!ect of the centrifugal forces in the

two bending planes. The derivation of [¹
�
] and [¹

�
] depends on the type of shape functions

utilized in the "nite element formulation. Based on equations (12) and (13) the generalized
force vector becomes

�Q
�
�"�

�e��[N]�[A�]�[A]�F�
[N]��F�![[¹

�
]#[¹

�
]]�e

�
��. (14)

This concludes the review of the rigid- and #exible-body formulation utilized in this work.
In the following sections the new developments associated with the representation of the
#exible d.o.f. as physical d.o.f. of a "nite element formulation or as d.o.f. of
a Craig}Bampton formulation are presented.



Figure 3. A 3D beam element with 12 degrees of freedom.
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2.2. THREE-DIMENSIONAL BEAM ELEMENT FORMULATION

Figure 3 depicts the d.o.f. associated with the nodes of a beam element in
a three-dimensional space. The shape function matrix for the element is [17]

[N]"

1!r 0 0 0 0 0 r 0 0
0 1!3r�#2r� 0 0 0 (r!2r�#r�)l 0 3r�!2r� 0
0 0 1!3r�#2r� 0 !(r!2r�#r�)l 0 0 0 3r�!2r�

0 0 0
0 0 (r�!r�)l
0 (r�!r�)l 0

����

"

�S
�
�

�S
�
�

�S
�
�
, (15)

where r"(x!x
�
)/l is the local relative co-ordinate, x is the co-ordinate of any point along

the beam axis in the body co-ordinate system, x
�
is the co-ordinate of the "rst element node,

l is the length of the element, and �S
�
�, �S

�
�, �S

�
� are the three row vectors of the shape

function matrix of equation (15). The �S
�
� vector is associated with the longitudinal motion

while the �S
�
� and �S

�
� vectors represent the two out-of-plane bendingmotions respectively.

The three displacements and three rotations at each of the two nodes of a beam element
comprise the 12 d.o.f. of each element.
In this development, the rigid body is considered to be rotating along an axis

perpendicular to the longitudinal direction of the beam (rotation around the Z-axis is
considered, as shown in Figure 4). Thus, the transformation matrix between the global and
the body co-ordinate systems becomes

[A]"

cos � !sin � 0

sin � cos � 0

0 0 1

. (16)



Figure 4. A rotating cantilever beam model.
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The derivative of the transformation matrix with respect to the rigid-body rotation is

[A�]"
d[A]

d�
"

!sin � !cos � 0

cos � !sin � 0

0 0 0

. (17)

Due to the selection of the Z-axis for the rigid-body rotation, the following relationships
hold:

[A��][A�]"
1 0 0

0 1 0

0 0 0

and [A��][A]"
0 1 0

!1 0 0

0 0 0

. (18)

Based on the de"nition of the shape functions matrix [N] for a beam element in
a three-dimensional space (equation (15)), the de"nitions for the element matrices [¹�] and
[H�] (equation (8)) are presented in Appendix A.
The derivation of the matrices associated with the e!ect of the centrifugal forces on the

bending deformations also requires the "nite element shape functions. By considering
a cantilever beam rotating along an axis perpendicular to the longitudinal direction of the
beam, the virtual work done by the centrifugal force P

�
due to the bending deformation is

[15]

�=
��

"!�
�

�

P
��

�v
�x���

�v
�x�dx!�

�

�

P
��

�w
�x���

�w
�x�dx, (19)

where �=
��
is the virtual work done by the centrifugal forces due to bending deformation,

v and w are the bending displacements in the y and z directions, respectively, and ¸ is the
length of the beam. The centrifugal force at any longitudinal position � is

P
�
"�

�

���

���a(�)�d�, (20)

where a(�) is the cross-sectional area of the beam and � is the rotational speed.
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In the special case of a uniform beam, a (�) and � are constant, and the centrifugal force
becomes

P
�
"�

�
�a��(¸�!x�). (21)

The corresponding virtual work associated with a particular "nite element can be stated as

�=�
��

"!�
	
��

��

P
�
�e

�
��
d�S

�
��

dx

d�S
�
�

dx
��e

�
�dx!�

	
��

��

P
�
�e

�
��
d�S

�
��

dx

d�S
�
�

dx
��e

�
�dx,

(22)

where x
�
is the longitudinal co-ordinate of the "rst node of the "nite element, l is the length

of the "nite element, �S
�
� and �S

�
� are the row vectors containing the second and third row

of the shape functions matrix (equation (15)). The [¹
�
] and [¹

�
] matrices (see equation (13))

associated with the e!ect of the centrifugal forces in the two bending planes will be

[¹�
�
]"�

	
��

��

P
�

d�S
�
��

dx

d�S
�
�

dx
dx and [¹�

�
]"�

	
��

��

P
�

d�S
�
��

dx

d�S
�
�

dx
dx. (23)

Matrices [¹�
�
] and [¹�

�
] are evaluated explicitly for three-dimensional beam elements based

on the shape functions (equation (15)) and are presented in Appendix A.

2.3. THREE-DIMENSIONAL SOLID FINITE ELEMENT FORMULATION

The shape functions matrix for a solid hexahedron element in a three-dimensional space
is [18, 19]

[N]"

N
�

0 0 N
�

0 0 2 N
�

0 0

0 N
�

0 0 N
�

0 2 0 N
�

0

0 0 N
�

0 0 N
�

2 0 0 N
� ����

"

�S
�
�

�S
�
�

�S
�
�

, (24)

where �S
�
�, �S

�
�, and �S

�
� are row vectors associated with the x, y, and z directions

respectively. The shape functions N
�
}N

�
are de"ned as [19]

N
�
"�

�
(1!r) (1!s)(1!t), N

�
"�

�
(1#r)(1!s) (1!t),

N
�
"�

�
(1#r) (1#s)(1!t), N

�
"�

�
(1!r)(1#s) (1!t),

N
	
"�

�
(1!r) (1!s)(1#t), N



"�

�
(1#r)(1!s) (1#t),

N
�
"�

�
(1#r) (1#s)(1#t), N

�
"�

�
(1!r)(1#s) (1#t). (25)

The translational displacements at each of the eight element nodes constitute the element
d.o.f. Similar shape function matrices are considered for solid elements with four sides
(tetrahedron) and "ve sides (pentahedron).
The expression provided in equation (8) for the components of the overall mass matrix

remains the same. The appropriate expression of the shape functions matrix [N] for solid
elements (equation (24)) is used in the derivation of [¹�] and [H�]. Similarly, the expressions
provided in equation (22) with the appropriate modi"cation in the shape functions can be
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utilized for computing [¹�
�
] and [¹�

�
]. The [¹�], [H�], [¹�

�
], and [¹�

�
] matrices are

evaluated numerically using an nth point Gaussian integration scheme. The corresponding
expressions are presented in Appendix B. The assembly of the global matrices is performed
after the element matrices have been computed.

2.4. COMPONENT MODE SYNTHESIS (CMS) FORMULATION

The #exible d.o.f. are represented as d.o.f. of a Craig}Bampton method [14] in the
coupled rigid- and #exible-body dynamics algorithm. The Craig}Bampton-based
formulation utilizes the 3-D solid "nite elements of section 2.3. The Craig}Bampton
method is used in this work due to its computational e$ciency and superior accuracy for
representing the #exible-body dynamics. The coupling matrices between the rigid-body and
the Craig}Bampton d.o.f. are developed. The #exible d.o.f. are partitioned into internal and
retained d.o.f. (superscripts &&i'' and &&r'' respectively). The #exible-body sti!ness and mass
matrices are partitioned accordingly as

[K
��
]"�

[K��
��
] [K��

��
]

[K��
��
] [K��

��
]�, [M��

]"�
[M��

��
] [M��

��
]

[M��
��
] [M��

��
]�. (26)

By considering all the retained d.o.f. to be "xed the following eigenvalue problem is solved
for the eigenvalues ��

�
and the corresponding "xed-interface eigenvectors

�x
�
�, j"1, 2,2, J, [[K��

��
]!��[M��

��
]] �X�"�0�. (27)

The modal and the diagonal matrices containing the eigenvalues are de"ned as

[X]"[�x
�
� �x

�
�2�x


�], [��]"

��
�

0

��
�

�

0 ��


, (28)

where J is the total number of computed normal modes in the modal basis. Usually, J is
much smaller than the number of internal d.o.f. in equation (27). A set of static (or
constraint) modes is also considered in order to compensate for the non-zero values that the
retained d.o.f. acquire:

�e�
�
�"![K��

��
]��[K��

��
]�e�

�
�"[>]�e �

�
�, (29)

where [>]"![K��
��
]��[K��

��
]. The internal d.o.f. can be expressed as a linear superposition

of the "xed-interface normal modes (equation (28)) and the static modes (equation (29)):

�e�
�
�"

�
�
���

	
�
�X

�
�#[>]�e�

�
�, (30)

where 	
�
is the modal participation factor of the jth "xed-interface mode.

Based on equation (30), the vector of the physical d.o.f. can be expressed as

�e
�
�"�

�e�
�
�

�e�
�
��"�

[X] [>]

[0] [I] � �
�	�
�e�

�
��, (31)
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where �	� is the vector of modal participation factors. The #exible physical d.o.f. are
replaced by the modal d.o.f. of the "xed-interface modes and the physical retained d.o.f.
Thus, the coupled rigid}#exible body dynamics formulation must re#ect the set of d.o.f.
employed by the Craig}Bampton formulation. The vector of the single rigid d.o.f. and the
#exible d.o.f. becomes

�
�

�e
�
��"

1 �0� �0�

�0� [X] [>]

�0� [0] [I] �
�

�	�

�e�
�
� �"[�M ] �

�

[	]

[e�
�
] �"[�M ]�

�
�
��, (32)

where

�
�"�
�	�
�e�

�
��, [�M ]"�

1

�0�
�0�
[�]�"

1 �0� �0�

�0� [X] [>]

�0� [0] [I]

and [�]"�
[X] [>]

[0] [I] �.

Substitution of equation (32) into equation (9) and pre-multiplication by [�M ]� yields

[MM ]�qK �#[CM ]�qR �#[KM ]�q�"�QM �, (33)

where the terms in equation (33) are

[MM ]"�
M��
sym.

�M���[�]
[�]�[M

��
][�]�, (34)

[KM ]"�
1

�0�
�0�

[�]�[K
��
][�]�"

0 �0� �0�

�0� [��] �0�

�0� [0] [K��
��
]�[>]#[K��

��
]

, (35)

[CM ]"�
0

�0�
�0�

[�]�[C
��
][�]�, (36)

[QM ]"[�M ]���Q
�
�#�Q

�
��, �q�"�

�
�
��"�

�

�	�

�e�
�
��. (37, 38)

The mass, damping, and sti!ness matrices of the #exible body, as well as the load vector are
assembled "rst based on the three-dimensional solid element formulation of section 2.3.
Subsequently, the matrices [¹], [H], [¹

�
], and [¹

�
] are calculated using a Gaussian

numerical integration scheme (equations (B.1)}(B.4)), and the matrices and load vectors of
equation (9) are computed. Finally, the reduced equations (33) are formed after the modal
transformationmatrix [�M ] is computed and are solved for the coupled rigid}#exible system
response.

3. NUMERICAL SOLUTION

In this section the numerical algorithms employed for solving the equations of motion are
presented. The Newmark method, modi"ed by a Newton}Raphson iterative process within
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each time step, is employed for the time integration. The incorporation of an iterative
algorithm within each time step is necessary because the equations of motion contain
non-linear terms in the mass matrix and the forcing vectors. Two specialized numerical
solutions are developed in order to account for the representation of the #exible d.o.f. either
as physical d.o.f. of a "nite formulation or as retained and internal d.o.f. of
a Craig}Bampton formulation. The Newmarkmethod is used for the time integration of the
governing equations. Due to the non-linear terms in the governing equations, an iterative
algorithm based on the Newton}Raphson method is used at each time step during the time
integration. The derivatives of the non-linear terms in the governing equations (9) with
respect to the primary variables � and �e

�
� are required by the Newton}Raphson iterative

solution process. The vector �e
�
� represents the #exural d.o.f. Depending on the

representation of the #exural d.o.f. either as d.o.f. of a "nite element formulation or as
retained and internal d.o.f. of a Craig}Bampton formulation, the numerical solution is
developed approximately.

3.1. NUMERICAL SOLUTION BASED ON THE PHYSICAL D.O.F. OF A FINITE
ELEMENT FORMULATION

The derivatives of the non-linear terms are calculated for each "nite element and
presented in the form of the [PF�], [B�], and [P�] matrices. The superscript &&e'' indicates an
element matrix. Subsequently, the element matrices are assembled to form the
corresponding global matrices [PF], [B], and [P] (see equation (44)).
The element matrix [PF�] is de"ned as

[PF�]"�
0

�0�
2�e��[¹�]�G!�eK

�
��[H�]

![H�]�G � (39)

and originates from the di!erentiation of the non-linear term associated with the mass
matrix, with respect to the rigid and #exible d.o.f. The element matrix [B�] is de"ned as

[B�]"�
0

�0�
�F��[A]�[A�][N]!2�eR

�
��[¹�]�Q

[¹�]�Q �![¹�
�
]![¹�

�
] � (40)

and is derived by di!erentiating the forcing vector �Q
�
�#�Q

�
� with respect to � and �e

�
�.

Finally, the element matrix [P�] is de"ned as

[P�]"�
!2�e��[¹�]�eR

�
�

2[¹�]�e��Q #2[H�]�eR
�
�![[¹�

��Q ]#[¹�
��Q ]]�e��

!2�e��[¹�]�Q
2[H�]�Q � (41)

and originates from the di!erentiation of the forcing vector �Q
�
�#�Q

�
� with respect to

�� and �eR
�
�. The element matrices [¹�

��� ] and [¹�
��� ] in equation (41) are de"ned as

[¹�
��� ]"

�[¹�
�
]

��Q
and [¹�

��� ]"
�[¹�

�
]

��Q
. (42)

The system of equations to be solved at the &&n#1'' time step of the Newmark time
integration can be expressed as

[AK]�
�
�

��q��
�
�
�

"�R��
�
�
. (43)
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The superscript &&i'' indicates the ith Newton}Raphson iteration for the &&n#1'' time step. In
equation (43), the system matrix [AK]�

�
�
and the forcing vector �R��

�
�
are calculated at

the ith iteration of the (n#1)th time step. The vector ��q��
�
�
�

represents the change in the
vector of variables �q

�
�"� �����

� at the (i#1)th iteration of the (n#1)th time step. The
matrix [AK]�

�
�
and the vector �R��

�
�
in equation (43) are de"ned as

[AK]�
�
�

"a
�
[M]�

�
�
#a

�
[C]#[K]#[PF]�

�
�
!a

�
[P]�

�
�
![B]�

�
�
, (44)

�R��
�
�

"�Q
�
��
�
�

#�Q
�
��
�
�

#[M]�
�
�

�R
�
�![P]�

�
�
�R

�
�#[C]�R

�
�![K]�q

�
��
�
�
,

(45)

where a
�
and a

�
are constants determined by the Newmark parameters and the selected

time step. Superscript &&i '' indicates the ith Newton}Raphson iteration and subscript (n#1)
indicates the (n#1)th time step. Matrices [M], [C], and [K] correspond to the mass,
damping, and sti!ness matrices of equation (9). �Q

�
� and �Q

�
� are the global arrays that

correspond to the element vectors de"ned in equations (10) and (14) respectively. [PF], [B],
and [P] are the global matrices that originate from equations (39), (40), and (41)
respectively. Vectors �R

�
�, �R

�
�, and �R

�
� contain information about the converged

solution of the previous time step according to the standard Newmark time integration
process.
The solution of equation (43) provides the change of the primary variables within each

iteration of the (n#1)th time step. The Newton}Raphson iterative process is repeated until
convergence is achieved. Then the solution process advances to the following time step and
a new set of Newton}Raphson iterations is preformed. Since the body system is di!erent at
sequential time steps the converged solution at the nth time step is transformed from the
body system of time step n to the body system of time step (n#1) during the solution
process.

3.2. NUMERICAL SOLUTION BASED ON THE CMS FORMULATION

Since the #exible d.o.f. are di!erent in the CMS-based formulation from the formulation
presented in section 3.1, the di!erentiation of the non-linear terms in the equation of
motions occurs with respect to a di!erent set of primary variables. Thus, a separate
formulation is required for the "nal system of equations within each iteration of every time
step. The derivatives of the non-linear terms with respect to the CMS-based d.o.f. are
presented in terms of the global matrices [PF], [B], and [P].
The matrix [PF] originates from the di!erentiation of the non-linear terms associated

with the mass matrix [M� ] (equation (34)) with respect to � and �
� and is de"ned as

[PF]"�
0

�0�
2(�e

�
��#�
��[�]�)[¹][�]�G!�
K ��[�]�[H][�]

![�]�[H][�]�G �,
where

[�]"�
[X]

[0]

[>]

[I]� (46)

is the CMS modal matrix.
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The matrix [B] originates from the di!erentiation of the forcing vector �QM � with respect
to � and �
� and is de"ned as

[B]"�
0

�0�
�b��[�]!2�Q �
R ��[���[¹][�]
[�]�[[¹]�Q �![¹

�
]![¹

�
]][�]�, (47)

where the vector �b� is de"ned as

�b�"

��A
���

([N]�[A�]�[A]�F�). (48)

The notation A��
���

indicates assembling of element values over all the "nite elements.
Finally, matrix [P] originates from the di!erentiation of the forcing vector �QM � with respect
to �� and �
 � and is de"ned as

[P]"

!2(�e
�
��#�
��[�]�)[¹][�]�
R �

2[�]��[¹](�e
�
�#[�]�
�)�Q !�

�
[¹

���Q ][�]�
�#[H][�]�
R �

!2�Q (�e
�
��#�
��[�]�)[¹][�]

2[�]�[H][�]�Q
.

(49)

Matrix [¹
���� ] is de"ned as

[¹
���� ]"

�
���
[[¹

�
]#[¹

�
]]. (50)

The format of the system of linear equations to be solved at the (i#1)th Newton}Raphson
iteration of the (n#1)th time step is identical with equation (43). Therefore, the format of
the terms presented in equations (44) and (45) can be readily employed. Di!erences appear
in the de"nition of the primary variables of the system of equations as �q�"� ��
�� and the
expressions of the matrices [PF], [B], and [P] (equations (46), (47), and (49)). In the
Craig}Bampton-based approach, the primary variable �q�"� �

�
�� contains the modal d.o.f.
for the #exible motion. Thus, a specialized transformation is established between the modal
d.o.f. of sequential time steps while the rest of the solution process remains the same with the
one presented in section 3.1.

4. VALIDATION

Two rotating beam con"gurations are analyzed with the axis of rotation de"ned to be
either vertical or along the longitudinal axis of the beam. For the former con"guration an
analytical solution, derived by the Galerkin method, is available and it is compared with the
numerical results. For both con"gurations computations are performed by all the new "nite
element formulations. In order to validate the new developments, the numerical results are
inspected for correlation to the analytical solution, and for convergence between the
di!erent formulations.

4.1. A BEAM ROTATING AROUND ITS VERTICAL AXIS

A rotating cantilever beam with a harmonic force excitation applied at the free tip is
analyzed. This example is selected because an analytical solution that includes the rotation



Figure 5. (a) 3D beam "nite element model; (b) 3D solid "nite element model.

Figure 6. Vertical displacement (z-component) at the tip of the rotating beam for�"100 rad/s and 1000 r.p.m.:
} ) } )} , analytical; - - - - -, beam FEA; **, solid FEA; ) ) ) ) ) ), CMS d.o.f.
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Figure 7. Vertical displacement (z-component) at the tip of the rotating beam for �"3000 rad/s and 1000
r.p.m.: (a) analytical; (b) beam FEA; (c) solid FEA; (d) CMS d.o.f.

Figure 8. Vertical displacement (z-component) at the tip of the rotating beam for �"100 rad/s and
10000 r.p.m.: } ) } ) } , analytical; - - - - -, beam FEA; **, solid FEA; ) ) ) ) ) ), CMS d.o.f.
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Figure 9. Vertical displacement (z-component) at the tip of the rotating beam for �"3000 rad/s and 10 000
r.p.m.: (a) analytical; (b) beam FEA; (c) solid FEA; (d) CMS d.o.f.
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e!ect and the non-linear correction from the work done by the centrifugal forces can be
developed for the #exible response of the beam [15]. Analyses are performed in order to
validate all three new formulations. Thus, the #exible behavior of the beam structure is
modelled either with beam "nite elements in a three-dimensional space or with solid "nite
elements or by the CMS internal and retained d.o.f. derived from a solid FEA model. Good
correlation is observed among all three sets of numerical results and also between all the
numerical results and the analytical solution. The beam con"guration is presented in
Figure 4. The dimensions are 200�20�20 mm� and the material properties are
E"200 GPa and �"7800 kg/m�. Structural damping equal to 2% is speci"ed. The
sinusoidal force has magnitude equal to 100 N and direction parallel to the direction of the
rigid-body rotation. Four combinations of two excitation frequencies for the harmonic
force (�

�
"100 rad/s and �

�
"3000 rad/s) with two rotational speeds of �

�
"1000 r.p.m.

and �
�
"10 000 r.p.m. are employed in the analysis. The two excitation frequencies are

selected based on the "rst three lowest natural frequencies of this beam (�
��

"2570 rad/s,
�

��
"16 105 rad/s, and �

��
"88 365 rad/s). The "rst excitation frequency is away from any

resonant frequency and the second is in the vicinity of the "rst resonant frequency. Thus the
validation is performed for o!-resonance and close to resonance conditions. The second
rotational speed is selected as 10 times the lower rotational speed in order to amplify the
sti!ening e!ects due to the rigid-body rotation and validate the expected trends in the
numerical results.
The rotating cantilever beam is analyzed by all three new numerical formulations. The
"nite element models employed in the analyses are depicted in Figure 5. Ten "nite elements



Figure 10. Axial displacement (x-component) at the tip of the rotating beam for �"100 rad/s and 1000 r.p.m.:
- - - - -, beam FEA; **, solid FEA; ) ) ) ) ) ), CMS d.o.f.

Figure 11. Axial displacement (x-component) at the tip of the rotating beam for�"3000 rad/s and 1000 r.p.m.:
- - - - -, beam FEA; **, solid FEA; ) ) ) ) ) ), CMS d.o.f.
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Figure 12. Axial displacement (x-component) at the tip of the rotating beam for�"100 rad/s and 10 000 r.p.m.:
- - - - -, beam FEA; **, solid FEA; ) ) ) ) ) ), CMS d.o.f.
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are employed in the beam model and 64 "nite elements are employed in the solid model.
The beam "nite elements ensure continuity of both displacement and slope at the interfaces
between elements while the solid elements ensure only continuity of displacement.
Therefore, a larger number of solid "nite elements than beam "nite elements is used in the
longitudinal direction in order to capture accurately the #exural deformation of the beam.
All frequencies of analysis are well below the second natural frequency of the beam;
therefore, the number of elements in both models are su$cient for capturing the expected
deformation of the beam, and the two "nite element based solutions are expected to
produce similar results. Di!erences are expected in the results between the di!erent
methods anytime that the number of elements utilized in the "nite element model is not
enough to capture the #exible deformation of the beam.
The boundary conditions at the clamped end of the structure are imposed in the two "nite

element models by constraining the displacements and rotations of the "xed edge node in
the beam model or by constraining all the displacements at the nodes on the "xed edge in
the solid model. The CMS d.o.f. are computed from the solid model. All d.o.f. for the nodes
on both the "xed edge and the mid-span cross-section are selected as retained d.o.f. The
remaining d.o.f. constitute the internal d.o.f. Eight constraint modes are computed in the
CMS formulation for this solid model.
Results for the vertical de#ection (z-displacement) at the tip of the beam are presented in

Figures 6}9 for the four operating conditions. In each "gure, results from the analytical
solution and the three numerical simulations are presented. Good correlation between all
the numerical results and the analytical solution is observed once the initial transient e!ects
are dissipated and the "nal steady state condition is reached. The convergence
demonstrated by all three numerical solutions and their close agreement to the analytical
solution validates the new theoretical developments and their implementation.



Figure 13. Axial displacement (x-component) at the tip of the rotating beam for �"3000 rad/s and
10000 r.p.m.: - - - - -, beam FEA; **, solid FEA; ) ) ) ) ) ), CMS d.o.f.
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By comparing the results corresponding to rotational speeds at 1000 and 10 000 r.p.m.
(Figures 6 and 8 respectively) for the same excitation frequency (�"100 rad/s), a slightly
smaller tip displacement is demonstrated for the higher rotational speed. This is expected
due to the non-linear sti!ening e!ect generated from the rigid-body rotation.
The centrifugal force induces an axial deformation in the x direction. The x-displacement

at the tip of the rotating beam can be evaluated as

�x"�
�

�

P
�
aE
dx"

���¸�

3E
. (51)

Therefore, the axial tip displacement for 1000 r.p.m. is 1)14�10��mm and for 10 000 r.p.m.
is 0)114 mm. The axial tip displacements are presented in Figures 10}13 for the four
operating conditions respectively. Good correlation is observed at the steady state between
the expected tip displacement and the computational results from all three formulations.

4.2. A BEAM ROTATING AROUND ITS LONGITUDINAL AXIS

A simply supported beam rotating around its longitudinal axis (x-axis) (Figure 14) is also
analyzed. The transformation matrix [A] (equation (16)) must re#ect the geometry of the
con"guration that is analyzed. Therefore, equations (16)}(18) are modi"ed based on the
change introduced in the transformation matrix resulting in

[A]"

1 0 0

0 cos � !sin �

0 sin � cos �

, [A�]"
d[A]

d�
"

0 0 0

0 !sin � !cos �

0 cos � !sin �

, (52, 53)



Figure 14. A beam rotating around its longitudinal axis (X-axis).
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[A��]"
d[A�]
d�

"

0 0 0

0 !cos � sin �

0 !sin � !cos �

, (54)

[A�]�[A�]"
0 0 0

0 1 0

0 0 1

, [A�]�[A]"
0 0 0

0 0 1

0 !1 0

. (55)

The change introduced in the transformationmatrix and its derivative matrix propagates to
the element matrices [¹�] and [H�], which are de"ned in equation (8). Finally, by
considering a concentrated force applied vertically at the mid-span of the beam (z direction
in the global co-ordinate system), the generalized external forcing vector becomes

�Q
�
�"�

�e��[N]�[A�]��F�
[N]�[A]��F�#[¹]�e

�
��Q ��. (56)

The force vector �F� is expressed in the global co-ordinate system and the term [¹]�e
�
��Q �

is derived from the virtual work done by the centrifugal force due to the #exible motion. The
latter term represents the in#uence of the centrifugal force on the #exible displacements
along the lateral and the vertical directions.
The element matrices [B�] (equation (40)) and [P�] (equation (41)) are derived through

di!erentiation of the forcing vector. Thus the information provided by equation (56) is
employed in the de"nition of the element matrices [B�] and [P�] for the solid "nite element
formulation:

[B�]"�
�e��[N]��A��]��F� �F��[A�][N]!2�eR

�
��[¹�]�Q

[N]�[A�]��F� 2[¹�]�Q � �, (57)

[P�]"�
!2�e��[¹�]�eR

�
� !2�e��[¹�]�Q

2[¹�]�e��Q #2[¹]�e
�
��Q #2[H�]�eR

�
� 2[H�]�Q �. (58)



Figure 15. Vertical displacement (z-component) at the mid-span of the rotating simply supported beam for
�"100 rad/s and 100 r.p.m.: - - - - - --, beam FEA; **, solid FEA; ) ) ) ) ) ) ), CMS d.o.f.
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Similarly, the de"nition of matrices [B] and [P] in the CMS formulation (equations (47)
and (49)) is modi"ed in order to re#ect the present form of the forcing vector �Q

�
�:

[B]"�
(�e

�
��#�
��[�]�)�bb� �b��[�]!2�Q �
R ��[�]�[¹][�]
[�]��b� 2[�]�[¹][�]�Q � �, (59)

[P]"�
!2(�e

�
��#�
��[�]�)[¹][�]�
R � !2�Q (�e

�
��#�
��[�]�)[¹][�]

2[�]��[¹](�e
�
�#[�]�
�)�Q #[H][�]�
R �� 2[�]�[H][�]�Q �,

(60)

where currently vectors �b� and �bb� are de"ned as

�b�"

��
A
���
([N]�[A�]�[F]), [bb�"

��
A
���
([N]�[A��]�[F]). (61, 62)

Analysis are performed for three rotational speeds: 100, 1000, and 5000 r.p.m. The
frequency of the external force is retained constant at �"100 rad/s for all three rotational
speeds. Analyses are performed by all three new formulations. Results for the vertical
displacements along the direction of the load (Z direction) at the location where the load is
applied is presented in Figures 15}17 for all three r.p.m. In each case the results from all
three solutions are almost identical. For the analyzed con"guration the di!erences in the
rotational speed have a minimal e!ect in the Z direction. The lateral displacements in the
direction perpendicular to the external load at the location of the load are three orders of



Figure 16. Vertical displacement (z-component) at the mid-span of the rotating simply supported beam for
�"100 rad/s and 1000 r.p.m.: - - - - - --, beam FEA; **, solid FEA; ) ) ) ) ) ) ), CMS d.o.f.

Figure 17. Vertical displacement (z-component) at the mid-span of the rotating simply supported beam for
�"100 rad/s and 5000 r.p.m.: - - - - - --, beam FEA; **, solid FEA; ) ) ) ) ) ) ), CMS d.o.f.
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magnitude smaller than the displacements in the Z direction. This observation is consistent
with the minimal e!ect exhibited by the rotational speed in the analyzed con"guration.

5. CONCLUSIONS

Based on an existing comprehensive formulation for rotating #exible systems, a new "nite
element based formulation for coupling the rigid- and #exible-body dynamics for rotating
beams was presented in this paper. The #exible d.o.f. were represented either as "nite
element d.o.f. of beam "nite elements in a three-dimensional space or as "nite element d.o.f.
of three-dimensional solid elements or "nally as internal and retained d.o.f. of
a Craig}Bampton formulation. The coupling matrices between the rigid-body rotation and
the #exible d.o.f. were developed accordingly. The non-linear e!ects from the work done by
the centrifugal forces were also included. The coupled system of equations was solved in the
time domain using the Newmark method while the Newton}Raphson method was
employed for solving the non-linear system of equations within each time step. The three
new formulations were validated using the analytical solution of a rotating cantilever beam
under a harmonic force excitation at its free tip. The analytical solution included the
rotation e!ect and the non-linear correction from the work done by the centrifugal forces on
the #exible response of the beam. Very good correlation was observed between the
numerical results from all three formulations and the analytical solution after the initial
transient e!ects were dissipated and the "nal steady state condition was reached. The
convergence demonstrated by all three formulations and their close agreement to the
analytical solution validates the new theoretical developments and their implementation.
A beam rotating around its longitudinal axis was also analyzed. The validity of the new
developments was demonstrated by the consistently good agreement observed between the
three di!erent new formulations.
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APPENDIX A: DEFINITION OF ELEMENT MATRICES FOR BEAM FINITE ELEMENTS
IN A THREE-DIMENSIONAL SPACE
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In equations (A.1)}(A.4) � is the mass density, a is the element cross-sectional area, l is the
element length, � is the rotational speed, ¸ is the length of the beam, and x

�
is the

co-ordinate of the "rst node in an element. The density and the cross-sectional area are
considered constant over the length of an element.

APPENDIX B: DEFINITION OF ELEMENT MATRICES FOR THREE-DIMENSIONAL
SOLID FINITE ELEMENTS
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where w
�
, w

�
, w

�
are the weight factors for the integration, �J � is the determinant of the

Jacobian matrix, and r
�
, s

�
, t

�
are the dimensionless co-ordinates of the Gaussian integration

points. The density is considered constant over the volume of an element.
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